1. Introduction. In this paper [7] we deal with the evaluation of the remainder term in approximation formulas, for functions of one and two variables, by means of Bernstein polynomials.
First, we give a representation of the remainder by definite integrals. Thus, we find the representation (3.4) for the remainder of formula (2.2) and the representation (7.3) for the one corresponding to the formula (6.1). The consequences of these representations are formulas (5.3), (5.4) , and (8.2), (8.3), respectively.
Then, we extend Aramä's [1] formula (9.1) to two variables and obtain the representation (9.2). In order to establish this formula, we resorted to a method employed by us, some years ago, in the evaluation of the remainder term of certain interpolation formulas [5] . In the last part we give some numerical approximation formulas which result from formulas (2.2) and (6.1).
The Remainder Rm (f; x) of Bernstein's
Approximation Formula. Let f(x) be a real function defined on the interval [0, 1] with its second derivative Rintegrable on this interval.
The problem is to find an integral expression for the remainder of the approximation formula on the interval Rmil; x) = Rm(x; x) = 0, that is, the remainder term Rm(f; x) vanishes for any polynomial of the first degree.
3. The Integral Representation of Rm if; x). In order to obtain the desired result we shall use the auxiliary function g(f;x) = f{x-t)f"it)dt.
Jo
Since the second derivative of this function is equal to fix), the function Hx) = fix) -gif; x) represents a polynomial of the first degree. Taking this into account, as well as the linearity of the remainder, we may write
Rm(f; x) = Rm(g; x).
Next, we turn to finding a convenient evaluation oí Rm(g;x). We have
After certain calculations we obtain i k_
Rmig;x) = Í ix -í)/"(0dí we deduce that
Thus, we have It follows from (3.3), (4.1) and (4.2) that <pmix; t) ^ 0 on the square D: 0 ^ x, t ^ 1. Hence, y = <pit) = <pmix; t) represents, for fixed x, a polygonal continuous line which joins points (0, 0) and (0, 1) and is situated beneath the x-axis.
5. Other Evaluations of Rm(f; x). Since <pm(x; t) does not change sign on the integration interval [0, 1], the first law of the mean may be applied to (3.5) and we obtain (5.1)
Rmif;x) = u2(/) / <pm(x;t) dt, 7. The Integral Representation of Rm,"(f; x, y). In order to obtain an integral expression of the remainder, we might use the result established for functions of one variable. Indeed, owing to formula (3.5), we have Taking into account (5.2) and a formula analogous to this, we obtain the following expression for the remainder of formula (6.1) :
If we suppose that the partial derivatives which appear in (7.3) are continuous on D, we may obtain from (8.2) an expression analogous to that in (5.4), which corresponds to the case of one variable. In order to allow only two unknown num-bers £ and 77 from the interval [0, 1], we shall proceed in the following way. From •. . ¡\iy; t) \f"Ax, z) + X(\mx) &vMï,z)~\ dz.
= -*^Ù.fUis,y) + [C(x,v) + ^¿r^v(£>2/)] ¡Jn(y;z)dz.
Finally we obtain the following evaluation : 
